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How the search algorithm known as particle swarm optimizationperforms is demonstrated.Particle swarm opti-
mization is applied to structural design problems, but the method has a much wider range of possible applications.
Improvements are contributed to the particle swarm optimization algorithm and conclusions and recommenda-
tions as to the utility of the algorithm are made. Results of numerical experiments for both continuous and discrete
applications are presented. The results indicate that the particle swarm optimization algorithm does locate the
constrained minimum design in both continuous and discrete applications and problems with multiple local min-
ima, with very good precision. Additionally,particle swarm optimization has the potential of ef� cient computation
with very large numbers of concurrently operating processors.

Introduction

M OST general-purpose optimization software used in indus-
trial applications make use of gradient-based algorithms,

mainly due to their computational ef� ciency. However, in recent
years nongradient-based, probabilistic search algorithms have at-
tracted much attention from the research community. These algo-
rithms generally mimic some natural phenomena, for example, ge-
netic algorithmsandsimulatedannealing.Genetic algorithmsmodel
the evolution of a species, based on Darwin’s principle of survival
of the � ttest (see Ref. 1), whereas simulated annealing is based on
statistical mechanics and models the equilibrium of large numbers
of atoms during an annealing process.2

Although these probabilisticsearch algorithms generally require
many more function evaluations to � nd an optimum solution, as
compared to gradient-basedalgorithms, they do provide several ad-
vantages. These algorithms are generally easy to program, can ef-
� ciently make use of large numbers of processors, do not require
continuity in the problem de� nition, and are generally better suited
for � ndinga global,or nearglobal,solution.In particular,these algo-
rithms are ideally suited for solving discrete and/or combinatorial-
type optimization problems.

In this paper,a fairly recent type of probabilisticsearchalgorithm,
called particle swarm optimization (PSO), is investigated.The PSO
algorithm is based on a simpli� ed social model that is closely tied
to swarming theory. The algorithmwas � rst introducedby Kennedy
andEberhart3 andEberhartandKennedy.4 A physicalanalogymight
be a swarm of bees searchingfor a food source. In this analogy,each
bee (referred to as a particle here) makes use of its own memory as
well as knowledge gained by the swarm as a whole to � nd the best
available food source.

Since it was originally introduced, the PSO algorithm has been
studied by a number of different authors.5¡8 These authors con-
centrated mostly on multimodal mathematical problems that are
important in the initial research of any optimization algorithm but
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are of little practical interest. Few applications of the algorithm to
structural and multidisciplinary optimization are known. Two ex-
amples are by Fourie and Groenwold, who considered an applica-
tion to shape and size optimization,9 and an application to topology
optimization.10

The present paper focuses on enhancements to the basic PSO al-
gorithm. These include the introduction of a convergence criterion
and dealing with constrained and discrete problems. The basic al-
gorithm is tested on a mathematical example problem with a large
number of local minima, whereas the enhancedversion is applied to
the design of a 10 design variable cantileveredbeam. Both continu-
ous and integer/discrete versions of the cantilevered beam problem
are studied.

Basic PSO Algorithm
PSO makes use of a velocity vector to update the current position

of eachparticlein the swarm.The positionof each particle is updated
based on the social behavior that a population of individuals, the
swarm in the case of PSO, adapts to its environmentby returning to
promising regions that were previouslydiscovered.5 The process is
stochasticin natureand makes use of the memory of each particle,as
well as the knowledge gained by the swarm as a whole. The outline
of a basic PSO algorithm is as follows:

1) Start with an initial set of particles, typically randomly dis-
tributed throughout the design space.

2) Calculate a velocity vector for each particle in the swarm.
3) Update the positionof each particle,using its previousposition

and the updated velocity vector.
4) Go to step 2 and repeat until convergence.
The scheme for updating the position of each particle is

xi
k C 1 D xi

k C vi
k C 11t (1)

where xi
k C 1 is the position of particle i at iteration k C 1 and vi

k C 1
is the corresponding velocity vector. A unit time step 1t is used
throughout the present work.

The scheme for updating the velocity vector of each particle de-
pends on the particularPSO algorithmunder consideration.A com-
monly used scheme, introduced by Shi and Eberhart,6 is

vi
k C 1 D wvi

k C c1r1

¡
pi ¡ xi

k

¢

1t
C c2r2

¡
pg

k ¡ xi
k

¢

1t
(2)

where r1 and r2 are independent random numbers between 0 and 1,
pi is the best position found by particle i so far, and pg

k is the best
position in the swarm at time k. Again, a unit time step 1t is used
throughout the present work. There are three problem-dependent
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parameters, the inertia of the particle w and two “trust” parameters
c1 and c2 . The inertia controls the exploration properties of the al-
gorithm, with larger values facilitating a more global behavior and
smaller values facilitating a more local behavior. The trust parame-
ters indicate how much con� dence the current particle has in itself,
c1, and how much con� dence it has in the swarm, c2.

Fourie and Groenwold9 proposed a slight modi� cation to Eq. (2)
for their structuraldesignapplications.They proposedusing thebest
position in the swarm to date, pg , instead of the best position in the
swarm at iteration k, pg

k . Both approaches were investigated, and it
was found that Eq. (2) works slightlybetter for the applicationscon-
sideredhere.As a result,Eq. (2) is used throughoutthe presentwork.

Initial Swarm
The initial swarm is generally created such that the particles are

randomly distributed throughout the design space, each with a ran-
dom initial velocity vector. In the presentwork, the following equa-
tions are used to obtain the random initial position and velocity
vectors:

xi
0 D xmin C r3.xmax ¡ xmin/ (3)

vi
0 D xmin C r4.xmax ¡ xmin/

1t
(4)

In Eqs. (3) and (4), xi
0 is to the initial position vector, vi

0 is the
initial velocityvector of particle i , r3 and r4 are independentrandom
numbers between 0 and 1, xmin is the vector of lower bounds, and
xmax is the vector of upper bounds for the design variables.

The in� uenceof the initialswarm distributionon the effectiveness
of the PSO algorithmwas studied by considering the initial particle
distribution. Instead of using a random distribution, a space-� lling
designof experiments(DOE) was used to distributethe initialswarm
in thedesignspace.However, thesenumericalexperimentsindicated
that the initial distribution of the particles (random as compared to
using the space-� lling DOE) is not important to the overall perfor-
mance of the PSO algorithm. The reason is that the swarm changes
dynamically throughout the optimizationprocess until an optimum
solution is reached. As a result, the precise distribution of the ini-
tial swarm is not important, as long as it is fairly well distributed
throughout the design space. In the present work, all initial swarms
were randomly distributed.

Problem Parameters
The basic PSO algorithm has three problem-dependentparame-

ters, w, c1, and c2 . The literature3 proposesusing c1 D c2 D 2, so that
the mean of the stochastic multipliers of Eq. (2) is equal to 1. Ad-
ditionally, Shi and Eberhart7 suggest using 0:8 < w < 1:4, starting
with largerw values (a more global searchbehavior) that is dynami-
callyreduced(a more localsearchbehavior)duringtheoptimization.
Dynamically adjusting the w value has several advantages.First, it
results in faster convergence to the optimum solution, and second,
it makes the w parameter problem independent.

In the presentwork, the trust parameterswere chosen so that each
particle puts slightly more trust in the swarm (larger c2 value) and
slightly less trust in itself (smaller c1 value). Based on numerical
simulations using the example problems presented here, values of
c1 D 1:5 and c2 D 2:5 were chosen for the two trust parameters.

The inertia weight parameterw was adjusted dynamicallyduring
the optimization, as suggestedby Shi and Eberhart,7 with an exam-
ple implementation by Fourie and Groenwold.9 Shi and Eberhart7

proposed linearly decreasingw during the � rst part of the optimiza-
tion, whereas Fourie and Groenwold9 decreased the w value with a
fraction if no improvement has been made for a prede� ned number
of consecutive design iterations.

Here a different implementation is proposed,based on the coef� -
cient of variation (COV) of the objective function values. The COV
of the objective function values for a subset of best particles was
monitored. If the COV fell below a speci� ed thresholdvalue, it was
assumed that the algorithm was converging toward an optimum so-
lution, and the w value was updated.A general equation to calculate

the COV for a set of points is

COV D StdDev
mean

(5)

where StdDev is the standard deviation and mean is the mean value
for the set of points. In the present work, a subset of the best 20% of
particlesfrom the swarm was monitored,and a COV thresholdof 1.0
was used. A starting value of w D 1:4 was used to accommodate
a more global search initially and was dynamically reduced to a
minimum value of w D 0:35. The result is to terminate the PSO
algorithmwith a more local search. The w value was adjustedusing

wnew D wold fw (6)

where wnew is the newly adjusted w value, wold is the previous w
value, and fw is a constant between 0 and 1. Smaller fw values
would result in a more dramatic reduction in w that would in turn
result in a more local search. In the present work fw D 0:975 was
used throughout, resulting in a PSO algorithm with a fairly global
search characteristic.

Additional Randomness
To avoid premature convergence of the algorithm, the literature

mentions the possible use of a craziness operator3 that adds ran-
domness to the swarm. The craziness operator acts similarly to the
mutation operator in genetic algorithms. However, there does not
seem to be consensus in the literature whether the craziness op-
erator should be applied. After introducing the craziness operator,
Kennedy and Eberhart3 concludedthat this operatormay not be nec-
essary, whereas Fourie and Groenwold9 reintroduced the craziness
operator for their structural design problems. Thus, it was decided
to implement a craziness operator here and to test its effectiveness
for the structural design problem considered.

The originallyproposed crazinessoperator identi� es a small por-
tion of randomly selected particles at each iteration for which the
velocity vector is randomly changed. In the present work, the au-
thors decided to introduce a new craziness operator. The proposed
modi� cation was an attempt to provide a craziness operator with
better exploration of the design space. The craziness operator used
here also identi� es a small number of particles at each design iter-
ation, but instead of changing the velocity vector, both the position
and the velocity vector were changed. The position of the particles
were changed randomly, whereas the velocity vector of each mod-
i� ed particle was reset to only the second component of Eq. (2)
as

vi
k C 1 D c1r1

¡
pi ¡ xi

k

¢

1t
(7)

In the present implementation, the particles to modify were identi-
� edusingtheCOV of the objectivefunctionvaluesof all particles,at
the end of each design iteration. If the COV fell below a prede�ned
thresholdvalue, it was assumed that the swarm became too uniform.
In this case, particles located far from the center of the swarm were
identi� ed, using the standard deviation of the position coordinates
of the particles. Particles that were located more than two standard
deviations from the center of the swarm were subjected to the crazi-
ness operator. In the present work, a COV threshold value of 0.1
was used.

Enhancements to the Basic Algorithm
The basic PSO algorithm summarized in Eqs. (1) and (2) were

used in the literature to demonstrate the PSO algorithmon a number
of test problems. However, the goal in the present work was to de-
velop an implementationof the basic algorithm that would be more
general in nature and applicable to a wide range of design problems.
To achieve this goal, a number of enhancements to the basic algo-
rithm were investigated.These enhancementsare discussed in more
detail in this section.
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Convergence Criterion
A robust convergence criterion is important for any general-

purpose optimizer to avoid additional function evaluations after an
optimum solution is found. Ideally, the convergence criterion used
should not have any problem-speci�c parameters.The convergence
criterion consideredhere is very basic. The maximum change in the
objective function was monitored for a speci� ed number of con-
secutive design iterations. If the maximum change in the objective
function was less than a prede� ned allowable change, convergence
was assumed.

Constrained Optimization
The basic PSO algorithm is de� ned for unconstrained problems

only. Because most engineering problems are constrained in one
way or the other, it is important to add the capabilityof dealingwith
constrainedoptimizationproblems. It was decided to deal with con-
straints by making use of a quadratic exterior penalty function.This
technique is often used to deal with constrainedproblems in genetic
algorithms. In the current implementation, the objective function
was penalized as follows when one or more of the constraints were
violated:

Qf .x/ D f .x/ C ® C ¯

mX

i D 1

max[0; gi .x/]2 (8)

In Eq. (8), f .x/ is the original objective function, ® and ¯ are con-
stant, positive penalty parameters that are applied to all infeasible
design points, gi .x/ is the set of all constraints (with violated con-
straints having values larger than zero), and Qf .x/ is the new, penal-
ized, objective function. In the present work ® D 1000 and ¯ D 108

were used as penalty parameters.

Particles with Violated Constraints
When dealing with constrained optimization problems, special

attentionneeds to be paid to particleswith violatedconstraints.This
issuewasnotaddressedin theliterature,and thusa newenhancement
to the basic PSO algorithm is proposed here.

It is preferable to restrict the velocityvector of a violated particle
to a usable, feasible direction, for example, as by Vanderplaats,11

a direction that would reduce the objective function while pointing
back to the feasible region of the design space. Unfortunately, this
would require gradient information for each violated particle. Cur-
rently, one of the attractive features of the PSO algorithm is that no
gradient informationis required,and thus, the conceptof calculating
a usable, feasible direction is not viable.

Instead, a simple modi� cation to Eq. (2) for particles with one
or more violated constraints is proposed. The modi� cation can be
explainedby consideringparticle i , which is assumed to have one or
more violatedconstraintsat iterationk. When the velocity vector of
particle i at iterationk is reset to zero, the velocityvector at iteration
k C 1 is obtained as

vi
k C 1 D c1r1

¡
pi ¡ xi

k

¢

1t
C c2r2

¡
pg

k ¡ xi
k

¢

1t
(9)

The velocity vector of particle i at iteration k C 1 is, thus, only
in� uenced by the best point found so far for the particle itself and
the current best point in the swarm. In most cases, this new velocity
vector will point back to a feasible region of the design space. The
result is moving the violated particle toward the feasible design
space in the next design iteration.

Discrete/Integer Design Variables
Unlike a genetic algorithm that is inherentlya discrete algorithm,

the PSO algorithm is inherently a continuous algorithm. The ba-
sic PSO algorithm is able to solve continuous design problems;
however, the authors also wanted to explore the usefulness of the
algorithmin discreteoptimizationapplications.Two differentmodi-
� cations to the basic PSO algorithm that allow the solutionof prob-
lems with discrete variables were considered. The � rst approach
is straightforward. The position of each particle was modi� ed to

represent a discrete point, by rounding each position coordinate to
its closest discrete value after applying Eq. (1).

The secondapproachismore elaborate.The positionof eachparti-
cle was modi� ed to representa discretepoint, by consideringa set of
candidate discrete points about the new continuous point, obtained
after applying Eq. (2). The candidate discrete points were obtained
by roundingeach continuouspositioncoordinate to its closestupper
and lower discrete values. For a problem with nDvar discrete de-
sign variables, this process would result in 2nDvar candidate discrete
points. For example, a two-dimensional, discrete problem would
produce four candidate discrete points, located at the vertices of a
two-dimensional rectangle.The new discrete position for the parti-
cle is selected from the candidate set of discrete points as the point
with the shortestperpendiculardistanceto the velocityvector.There
are several enhancements to this scheme, based on the direction of
the velocity vector, that could substantially reduce the number of
candidate discrete points, but a more detailed discussion is beyond
the scope of this paper. Reducing the number of candidate discrete
points is especially important for problems with larger numbers of
design variables.

The more elaborate approach was expected to result in a more
ef� cient integer/discrete algorithm. In contrast to this expectation,
numericalexperimentsindicatedthat therewas no signi� cant differ-
ence in the performance of the PSO algorithm when using the � rst
as compared to the second approach.Because there is no advantage
to use the more elaborate approach, this approach was discarded,
and the simpler rounding approach was used for all integer/discrete
problems considered here.

Mathematical Example Problem
As a � rst example problem, a two design variable, unconstrained

mathematical functionwas considered.The objective function to be
minimized is shown as follows with the two design variables were
allowed to vary between ¡50 and 10:

F.x1; x2/ D x2
1 ¡ 100 cos.x1/

2 ¡ 100 cos
¡
x2

1

¯
30

¢
C x2

2

¡ 100 cos.x2/
2 ¡ 100 cos

¡
x2

2

¯
30

¢
C 1400 (10)

This problem has many local minima, as shown in Fig. 1, which
provides a contour plot of the objective function over the design
space. The global optimum has a value of 1000 and is located at
x1 D x2 D 0.

This example problemwas includedto verify the PSO implemen-
tation and to test the proposedscheme for dynamicallyupdating the
inertia weight considered as follows: 1) keeping w constant at a
large value to provide a more global search, 2) keeping w constant
at a small value to provide a more local search, and 3) using the
proposed scheme to change the w value dynamicallyduring the op-
timization.In all cases, a swarm size of 20 particleswere considered

Fig. 1 Mathematical example problem.
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Table 1 Mathematical example problem results

Cost Objective Success
Option w Mean Standard deviation Best Worst Mean Standard deviation Best Worst rate, %

0.5 345 48 240 480 1005.13 7.03 1000.00 1015.56 66
1.4 9940 374 7340 10000 1000.17 0.19 1000.00 1000.90 100
Dynamic 714 63 540 860 1000.09 0.10 1000.00 1000.45 100

Fig. 2 Cantilevered beam example problem.

with c1 D 1:5 and c2 D 2:5, and the proposed craziness operatorwas
applied. Each run was repeated 50 times and the best, worst, mean,
and standarddeviationof the best objectivefunctionand the number
of functionevaluationsto convergencewere recordedfor each of the
50 repetitions.In addition, the reliabilityof the algorithm,measured
in terms of the success rate by counting the number of optimization
runs that found an objective function value within 1% of the best
objective function value from all 50 runs, was also recorded. The
results are presented in Table 1.

The resultsof Table 1 clearly illustratethat the implementedalgo-
rithm is capable of solving this unconstrained,continuous example
problem very accurately. The algorithm is able to deal with the
many local minima present in the example problem and � nds the
global optimum reliably.The in� uence of the w value is also clearly
illustrated, with w D 0:5 resulting in a more ef� cient (in terms of
function evaluations)but local search that sometimes converge on a
local optimum. In contrast, w D 1:4 provides a more global search
that � nds the global optimum reliably, but at much higher computa-
tion cost. The proposed scheme to change the w value dynamically
from an initially more global search to a more local search at the
end of the optimization seems to work very well. It increases the
robustness of the algorithm (compared to the w D 0:5 case), while
reducing the computationalcost (compared to the w D 1:4 case).

Cantilevered Beam Example Problem
To study the in� uence of the proposed enhancementsof the PSO

algorithm, a cantileveredbeam example, simular to that considered
by Vanderplaats11 was chosen. A schematic representation of the
example problem, including material properties, is shown in Fig. 2.

The beam was modeled using � ve segments of equal length, and
the design problem was de� ned as minimizing the material volume
of the beam, subject to maximum bending stress constraints for
each segment. The design variables were the height h and width b
of each segment, resulting in 10 independentdesign variables. Two
cases were considered. The � rst was a continuous design problem
where the height of each segment was allowed to vary between 10
and 200 cm, while the width was allowed to vary between 0.5 and
50 cm. The second was an integer/discrete case where all 10 design
variableswere restricted to integer values only. For the second case,
the height of each segment was allowed to vary between 10 and
200 cm, while the width was allowed to vary between 1 and 50 cm.

Table 2 Comparison between continuous GENESIS
and theoretical results

Parameter Baseline GENESIS Theory

Volume, cm3 36,683 27,498 27,438
b1, cm 0.5 0.5 0.5
b2, cm 0.5 0.5 0.5
b3, cm 0.5 0.5 0.5
b4, cm 0.5 0.5 0.5
b5, cm 0.5 0.5 0.5
h1, cm 146.73 146.73 146.39
h2, cm 146.73 131.16 130.93
h3, cm 146.73 113.16 113.39
h4, cm 146.73 92.78 92.58
h5, cm 146.73 65.61 65.47

The bendingstresswas obtainedfrom the bendingstress equation

¾ D My=I (11)

where ¾ is the bending stress, M the applied bending moment, I
the moment of inertia, and y is the vertical distance, measured from
the neutral axis, where the stress is calculated. For this problem,
M D P.L ¡ x/ and I D 1

12
bh3 , whereas the maximum stress value

occurs at y D h=2. The height has a much larger in� uence on the
bendingstress, as comparedto thewidthof thebeam. It is reasonable
to assume that the optimizer would minimize the weight by keeping
the width constant and equal to its lower bound, while changing
the height of the beam. In this case, the theoretical solution for the
height is

h D

r
6P.L ¡ x/

N¾ b
(12)

where P is the applied tip load, x is the horizontaldistancemeasured
from the root of the beam, and N¾ is the allowable stress limit.

To verify the assumptionsand to study how well a gradient-based
optimizer would solve this problem, it was decided to model and
solve the problem using the GENESIS12 structural analysis and op-
timization code. The theoretical optimum results for a beam with
uniform height and width across the span, as well as the GENESIS
and theoretical optimum results for a beam with � ve segments, are
summarized in Table 2. The case with uniform height and width
was obtained by setting the width equal to its lower bound and cal-
culating the height from Eq. (12) to have the maximum stress at the
root equal to the allowable stress. The case with constantheightand
width may be considered as a baseline from which the optimizer
makes an improvement.

Table 2 veri� es both the assumptions that lead to Eq. (12) and the
GENESIS results.GENESIS solved the problem using a total of 12
� nite element analyses.Note that GENESIS makes use of advanced
approximation techniques to reduce the required function evalu-
ations for solving structural optimization problems and does not
need to perform � nite difference gradient calculations. In practice,
most general purpose gradient-basedoptimizers obtain gradient in-
formation using � nite differencegradient calculations.As a result a
typical general-purposegradient-basedoptimizer would most prob-
ably require between 65 and 130 function evaluations to solve this
problem. The number of function evaluations are estimated based
on 5–10 design iterations for convergence, with each design itera-
tion requiring 3 one-dimensional search calculations and 10 � nite
difference gradient calculations.
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Table 3 GENESIS discrete and upper and lower bound solutions
for the integer/discrete case

Parameter Lower bound GENESIS discrete Upper bound

Volume, cm3 38,803 47,000 39,100
b1 , cm 1.0 1.0 1.0
b2 , cm 1.0 2.0 1.0
b3 , cm 1.0 1.0 1.0
b4 , cm 1.0 1.0 1.0
b5 , cm 1.0 1.0 1.0
h1 , cm 103.51 104 104
h2 , cm 92.58 93 93
h3 , cm 80.18 80 81
h4 , cm 65.47 66 66
h5 , cm 46.29 47 47

Finding the theoretical optimum for the integer/discrete case is
a more daunting task. Instead, we will determine tight upper and
lower bounds for the objective functionvalue, by consideringa par-
tiallydiscretesolution,roundingand thediscreteoptimizerprovided
in GENESIS. A lower bound for the discrete problem may be ob-
tained from Eq. (12), using the lower bound values of 1.0 for all
bi , thus producing an optimum answer with half the variables be-
ing integer/discrete and the other half being continuous. An upper
bound may be obtained by considering three discrete points, ob-
tained by rounding the continuoushi values obtained from Eq. (12).
The three points are obtained by rounding all h i values up, round-
ing all h i values down, and rounding all hi values to their closest
integer value. It turns out that only the case where all hi values
are rounded up produce a feasible design. Alternatively, an upper
bound may be obtained by using the discrete optimizer provided
in GENESIS. The discrete optimizer in GENESIS makes use of a
sequential unconstrained minimization technique to � nd good fea-
sible discrete solutions, without providing a guarantee of � nding
the best discrete solution. The algorithm is particularly powerful
when solving discrete problems with large numbers (thousands)of
discrete variables.

The results obtained from the partial discrete solution, the round-
ing technique, and the GENESIS discrete optimizer are shown in
Table3.Althoughthe roundingtechniqueand theGENESIS discrete
optimizer providedvery simular results, the tightest discrete/integer
upper bound is provided by rounding rather than by the GENESIS
discreteoptimizer.The differencein the objectivefunctionvaluesof
the calculatedupper and lower bounds is less than 1%, and Table 3,
thus, provides tight upper and lower bounds for the integer/discrete
solution.

Cantilevered Beam Results
The PSO algorithm was used to analyze the beam example prob-

lem, employing the elementary strength of materials approach de-
scribed in the precedingsection.As discussed, two designproblems
were considered;the � rst is a continuousproblemand the second an
integer/discrete problem. For each design problem, the in� uence of
two enhancementsto the basic algorithmwas considered.The � rst is
the proposed craziness operator. As already mentioned, there seem
to be disagreement in the literature as to the usefulnessof the crazi-
ness operator.The secondis resettingthe velocityvectorsof violated
design points. Resetting the velocity vectors is a new feature that
has not been studiedpreviously.To investigatefully the in� uence of
these two enhancements,all possible combinationsof using and not
using the enhancements were considered, resulting in four possible
combinations. The PSO algorithm was � rst run for a � xed number
of function evaluations and then using the proposed convergence
criterion. In all cases, a swarm size of 300 particles was used.

Each run was repeated 50 times and the best, worst, mean, and
standard deviation of the best objective function from each of the
50 repetitions were recorded. For the runs where the convergence
criterion was used, the same statistics were also recorded for the
number of function evaluations to convergence for each of the 50
repetitions.In addition,the reliabilityof thealgorithmin termsof the
number of optimizationruns that found an optimum solutionwithin
1% of the best optimum found from all 50 runs was also recorded.

Table 4 PSO parameters used in example problems

Parameter Value

Number of particles 300
Initial inertia weight w 1.4
Trust parameter 1 c1 1.50
Trust parameter 2 c2 2.50

Table 5 PSO enhancement summary

Option De� nition

C Apply craziness operator
R Reset velocities of violated particles

Table 6 Objective function (material volume) statistics for the
continuous design problem

Standard
Option Mean deviation Best Worst Success rate, %

—— 39,273 15,395 28,142 119,501 2
R 29,789 6,419 27,438 54,283 76
C 39,199 16,378 27,572 118,182 4
CR 31,220 13,115 27,438 93,454 82

Table 7 Objective function (material volume) statistics for the
integer design problem

Standard
Option Mean deviation Best Worst Success rate, %

—— 61,339 15,411 39,600 102,384 4
R 42,525 10,018 39,100 85,085 78
C 65,079 23,501 39,300 165,624 10
CR 40,790 6,753 39,100 73,108 82

For all runs, the same PSO parameterswere used, as summarized
in Table 4. The w, c1 , and c2 values were determined as discussed
in earlier sections of this paper.

The number of particles (swarm size) was selected as a trade-
off between cost and reliability. Smaller swarm sizes required less
functionevaluationsfor convergencebut decreased the reliabilityof
the algorithm. Larger swarm sizes required more function evalua-
tions for convergence,but increased the reliability of the algorithm.
Additionally, a larger swarm size has the advantage of exploiting
moreprocessorsin a massivelyparallelprocessingenvironment.The
authors did not perform exhaustive testing to � nd the best swarm
size. Instead, some preliminary testing was performed, and a larger
swarm size was selected, keeping in mind the added advantage in
a parallel computing environment. Future work should include not
only a study to � nd the best swarm size, but also an investigation
into performing multiple runs, each with less function evaluations.
For example, Le Riche and Haftka13 showed that it might be more
advantageousto perform two geneticsearcheswith, for example,50
iterations each, as compared to performing a single genetic search
with 100 iterations. Performing multiple searches at the same time
can help reduce the overall cost and has the added advantageof ex-
ploiting even more processors in a massively parallel environment.

Each run is identi� ed by the combination of enhancements used
during that run, as summarized in Table 5. From Table 5, R would
represent resetting the velocities of violated particles only, whereas
CR would represent using the craziness operator and resetting the
velocities of violated particles.

Fixed Number of Function Evaluations
First, each of the four combinations was evaluated using a � xed

number of design iterations equal to 50, resulting in a total number
of function evaluations equal to 15,000. The statistical results ob-
tained from 50 repetitions for each combination are summarized in
Table 6 for the continuous design problem and in Table 7 for the
integer/discrete design problem.

When the statistical data, especially the mean and standard devi-
ation values and the success rate are compared, from Tables 6 and 7
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it is clear that resetting the velocity vectors of the violated design
points had a signi� cant and positive in� uence on the performance
of the PSO algorithm. In contrast, the craziness operator did not
appear to have a big in� uence. It is not clear whether combining the
craziness operator and resetting the velocity vectors of the violated
design points resulted in any additional improvement over just re-
setting the velocity vectors without the craziness operator. Finally,
the standard deviation clearly shows that the algorithm is more suc-
cessful in solvingthe discreteproblem(Table 7) than the continuous
problem (Table 6). This was expected because the discrete problem
has a smaller design space as compared to the continuous problem.

For the case with a � xed number of functionevaluations,it is pos-
sible to compare the optimumresultsobtainedby the PSO algorithm
against other systematic sampling techniques. An exhaustive com-
parison is beyond the scope of the current paper. However, it was
decided to compare the performance of the PSO algorithm against
a simple random search, using the same number of function evalu-
ations. A random search with 15,000 analyses was performed, re-
peating the process 50 times and recording the statistics for the best
objective function from each repetition.The results are summarized
in Table 8.

Table 8 clearly indicatesthat the randomsearchperformedsignif-
icantly worse as compared to the PSO algorithm (Table 6). In fact,
the random search did not � nd a single feasible optimum solution.

Convergence Criterion
Next the runs of Tables 6 and 7 were repeated, using the pro-

posed convergence criterion. For convergence, the objective func-
tion was required not to change more than 0.1% in 10 consecutive
design iterations. A maximum of 500 design iterations, equivalent
to 150,000 analyses,was allowed for cases where the algorithm did
not converge.

The statistical results for both the cost (number of function eval-
uations) and the objective function values obtained from 50 repeti-
tions are summarized in Table 9 for the continuousdesign problem.
Table 10 contains the correspondingresults for the integer/discrete
design problem.

The results are simular to that of Tables 6 and 7. Resetting the
velocity vectors of violated particles had a big in� uence on the
performance of the PSO algorithm, whereas applying the craziness
operator had a much smaller in� uence. It would appear that com-
bining the two enhancements would have a positive in� uence by
reducing the number of function evaluations,while providingmore

Table 8 Objective function (material volume) statistics
for the continuous problem using a random search

Statistic Value

Mean 176,956
Standard deviation 28,349
Best 117,115
Worst 261,619

Table 9 Cost and objective function (material volume) statistics for the continuous design problem

Cost Objective Success
Option Mean Standard deviation Best Worst Mean Standard deviation Best Worst rate, %

—— 33,228 36,963 15,000 150,000 39,296 16,840 27,440 85,974 6
R 14,370 3,386 8,700 24,000 28,997 5,383 27,442 61,007 80
C 51,660 52,845 17,400 150,000 37,015 14,718 27,440 123,451 10
CR 15,012 3,895 8,700 26,100 29,372 4,951 27,441 49,699 72

Table 10 Cost and objective function (material volume) statistics for the integer design problem

Cost Objective Success
Option Mean Standard deviation Best Worst Mean Standard deviation Best Worst rate, %

—— 73,938 62,708 17,100 150,000 57,592 16,394 39,100 108,282 24
R 10,134 1,807 7,800 16,800 41,233 7,711 39,100 76,588 88
C 77,532 63,703 16,500 150,000 56,709 20,687 39,100 124,901 36
CR 10,026 1,815 6,900 17,100 40,628 5,820 39,100 73,108 78

consistent results (smaller mean and standard deviation for the ob-
jective function values). Again, the discrete problem was solved
more ef� ciently than the continuous problem.

The best continuousdesign point found by the PSO had an objec-
tive function of 27,440 cm3, whereas the best discrete solution had
an objective function value of 39,100 cm3. The best results found
by the PSO algorithm are compared to the theoretical answer for
the continuousproblem in Table 11.

Table 11 shows that the PSO algorithm found a very accurate
optimum solution for the continuous design problem as compared
to the theoretical answer. The best integer/discrete solution found
is within the calculated upper and lower bounds summarized from
Table 3. In fact, the best integer/discrete solution found is equal to
the upper bound shown in Table 3.

Massively Parallel Computing
Although the authors did not apply the algorithm in a parallel

computing environment, the algorithm is ideally suited for applica-
tion with large numbers of processors.Within each design iteration,
the analyses are independent of each other and can easily be per-
formed on multiple processors with little communication between
the processors. It is, thus, reasonable to expect near perfect speedup
within a design iteration, when adding more processors.

The present work showed that the algorithm worked very well
with a larger swarm size, which allows for using more processors in
a massively parallel environment. If one considers the cases where
both enhancementsto thebasic algorithmare considered,an average
of 49.24designiterationsis requiredto solvethecontinuousproblem
and 32.62 to solve the integer/discrete problem. When using 300
processors, a parallel implementation should allow the designer to
solve the 10 design variable continuous problem in the equivalent
time of 49 analyses, whereas the integer/discrete case can be solved
in the equivalent time of only 32 analyses. If more processors are
available, the number of particles consideredcan be increased to the
number of available processors.

Even larger numbers of processors could potentially be utilized
by extending the work of Le Riche and Haftka13 that showed that

Table 11 Comparison between PSO and theoretical results

PSOTheoretical
Parameter continuous Continuous Discrete

Volume 27,429 27,438 39,100
b1 0.5 0.5 1.0
b2 0.5 0.5 1.0
b3 0.5 0.5 1.0
b4 0.5 0.5 1.0
b5 0.5 0.5 1.0
h1 146.27 146.39 104.0
h2 130.85 130.93 93.0
h3 113.31 113.39 81.0
h4 92.54 92.58 66.0
h5 65.44 65.47 47.0
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it might be more advantageous to run multiple optimizations, each
with less design iterationsas compared to a singleoptimizationwith
more design iterations.The use of the PSO algorithmin a massively
parallel environment is a topic for future research, especially when
considering problems with many design variables.

Conclusions
The PSO algorithm was applied to an unconstrained,continuous

mathematical example problem with many local minima as well as
both a continuousand an integer/discrete structural design problem
with constraints.

The results indicate that the PSO algorithm is able to deal with
both unconstrained and constrained as well as the continuous and
integer/discrete design problems considered here. The algorithm
was also successful at solving a design problem with many local
minima. Although the PSO algorithm was able to solve the contin-
uous design problems very accurately, the computational cost was
higher than that of traditional gradient-based optimizers. For the
integer/discrete problem considered,where use of a gradient-based
optimizer may not be appropriate, the PSO algorithm performed
even better. The integer/discrete design problem was solved more
accurately and using less function evaluations as compared to the
correspondingcontinuous design problem.

Although only two variants of the same design problem were
studied, the results show that the newly introduced idea of re-
setting the velocity vectors of violated design points has a sig-
ni� cant positive in� uence on the performance of the algorithm.
The craziness operator does not have a big in� uence. However,
it seems that there might be a small advantage to combining the
two enhancements as compared to just using the idea of resetting
the velocity vectors. Note that a fairly large swarm size was con-
sidered in the present work, which might explain why the crazi-
ness operator was not particularly effective in the current example
problems.
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